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ABSTRACT. We consider the Lane-Emden Dirichlet problem 
-Aw = in B, 

u = 0, on dB, 

where p > 1 and B denotes the unit ball in R 2 . We study the asymptotic behavior 
of the least energy nodal radial solution u p , asp^ +°°. Assuming w.l.o.g. that 
(jj ' iip (0) < 0, we prove that a suitable rescaling of the negative part w~ converges 

■ to the unique regular solution of the Liouville equation in R 2 , while a suitable 

rescaling of the positive part z<+ converges to a (singular) solution of a singular 
Liouville equation in R 2 . We also get exact asymptotic values for the L°°-norms 
of Up and up~, as well as an asymptotic estimate of the energy. Finally, we have 
that the nodal line ^V„ := {x e B : \x\ = r p } shrinks to a point and we compute 
the rate of convergence of r p . 



1. Introduction 
We consider the superlinear elliptic Dirichlet problem 

{—Au = \u\ p ~ l u, in B, 
u = 0, on dB, 

where B is the unit ball in M 2 and p > 1. 

In this paper, we are interested in studying the asymptotic behavior, as p — > +oo, 
of the least energy sign changing radial solution of ( £P p I which will be denoted by 



Up. This solution has two nodal regions and it has been proved in |2J that it is not 
the least energy nodal solution of Problem (W p \ in the whole space Hq (B). Indeed, 
Up has Morse index at least three while the least energy nodal solution has Morse 
index two (see [3]) and its nodal line touches the boundary 0. 

In our previous paper iflQl . we have analyzed the asymptotic behavior, as p — > 
+oo, of low energy nodal solutions w p of Problem ( £? v I, i.e. solutions satisfying : 



P I \Vw„\ 2 ->l6ne (1) 

B 
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as p — > +°° in general bounded regular domains Q.. Under the additional con- 
dition ® that we recall later, we have proved among other results that suitable 
rescaling of both w+ and w p converge, as p — > +°°, to the regular solution U of 
the Liouville equation in M 2 with j^ae u < +°°. Moreover the L°°-norms ||wj||oo 
converge to the same value y/e and, in Q. for large p, pw p looks like the differ- 
ence of two Green functions, centered at the maximum and the minimum point of 
w p which are far away from each other. So for this kind of solutions the positive 
and negative part separate but have the same profile and approach, after suitable 
rescaling, the same solution of the same limit problem in M 2 , as p — > +00. 

A similar analysis was carried out in for low energy nodal solutions of an 
almost critical problem in a bounded domain Q. in E , N > 3, namely : 

u = 0, on dQ., 

where 2* = e > and e ->■ 0. 

A complete classification of these solutions given in (6| together with an ex- 
istence result of |[T2l show the presence of both nodal solutions concentrating at 
two different points or at a single point. In both cases, positive and negative points 
of the solution converge, after rescaling, to the positive solution of the analogous 
problem in M . 

By the results of these two papers it is not difficult to deduce that for the least 
energy nodal radial solution of \S^2^\ in the ball the positive and negative part 



concentrate at the center of the ball as £ — > 0, approaching the analogous problem 
in M. N and carrying the same energy. 

In view of these results, in studying the behavior of the least energy nodal radial 
solution of ( W p l as p — > +00, one could expect a similar asymptotic behavior. 



However that is not the case and we are able to show an interesting new phe- 
nomenum : the positive and negative part of u p concentrate at the center of the 
ball but the limit problems for u p and u p are different. Indeed, assuming w.l.o.g. 
that u p (0) < 0, we prove that a suitable rescaling of u p converges to the regular 
solution of the Liouville equation in R 2 while a suitable rescaling of u p converges 
to a singular solution of a singular Liouville equation in IR 2 . Moreover the limits 
of the L°° -norms of w+ and u~ are different as well as the energies. 

To be more precise let us consider the following problems : 

Au = e", inM 2 . 

(£1) 

/ e"<+oo, M (0) = M '(0) = 0, 
which has the unique regular solution 

and, for Sq being the Dirac measure at the origin, 

-Au = e u +H8o, inM 2 , 
e u < +00, 
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where H is a constant, and whose radial solutions can be all computed explicitely. 
Note that (IL1I ) is the classical Liouville equation in R 2 while (IL2I ). after an easy 
transformation, reduces to a limiting equation which appears in the blow-up anal- 
ysis of periodic vortices for the Chern-Simons theory (see IPT31 ). 
Then, denoting by 

• jY p = {x G B : Upix) = 0} = {x G B : \x\ = r p } the nodal circle; 

• s p G (0, 1) the value of the radius such that «+ (x) = ||«p ||«> for \x\ = s p ; 

. e± = ( P || M ±||r 1 )- 2 ; 

we have the following results : 
Theorem 1. i) Let z„ '■ B ( 0, ) — > R be defined as 



Z P^ = ~ \\ P \\ ( M p( £ p X )+ M p( )) ( 3 ) 
1 1 Up 1 1 oo 



then z p -»• -f/ in ^C^ 2 ) as P +°° (t/ 

//) Lef / = lim„^ +0 o -§r. Then, I > a«<i defining the one-variable function 



Zp(W) =4 W = -J7\(^{s p + e+r)-u p {s p )) (4) 
"pI s pJ 



m f/ie interval (^-7+^ -p^ ) > we get zj (\x\ - 1) = z+ (r- 1) ->• Z/ {\x\ ) = log , (j3 „ + | JC | a)2 

m ^ c (R 2 \ {0}) as +oo/ or a = V2/ 2 + 4 and /3 = (f±§) 1/o! /. Moreover, 
Z[(\x\) is a radial (distribution) solution of (IL2I ) for H := — f Q e z, ^sds. 

Theorem 2. We have, as p — > +°°, 

1 1 M~ IU -»• ^-eWh?) ss 2.46, (5) 



Hwploc ^e 2 <'+^) « 1.17 (6) 
where t ~ 0.7875 unique root of the equation 2y / elog f + ? = 0, ant/ 

2^ 



To prove the previous results we start showing that the nodal line shrinks to 
the origin. Later, as a consequence of the rescaling argument and of the estimates 
needed to prove Theorem Q] and Theorem [2] we also get the rate of convergence of 
the "nodal radius" r p . More precisely we show : 



Theorem 3. We have 



r 2/(r-i)_>_f _ 67 



for t as in Theorem\2\ 

Remark 4. As mentioned before we already know by (2] that the solutions u p are 
not the least energy nodal solutions of (W p \ in the whole Hq (B). The convergence 
result (0 shows that u p are not even "low energy" solutions in the sense that they 
do not satisfy £T|). Moreover, by comparing CD and © we get the exact difference 
between the limit energies of this kind of solutions. 
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The proofs of the above theorems are quite long and technically complicated. 
They follow from several delicate asymptotic estimates on u p and up~. In particular, 
the ones which concern the asymptotic behavior of uL, i.e. the part of u p supported 
in an annulus are nontrivial and crucial for the final results. 

In the final part of the paper we shortly complete the analysis of low-energy 
nodal solutions done in iPTOll in the case of the ball by considering solutions w p 
which satisfy CO and 

3K > such that p \w p (x+) + w p (x~)\ ^ K (B) 

and by defining x p and x p such that w p (x^ ) = ±||vVp ||oo. 
We prove : 

Theorem 5. Ifw p are sign changing solutions of ( 2P p ) with Morse index two, 



satisfying (Q]) and ® with x = lim p ^ +oc ,x p then pw p converge, as p — )• +oo in 
< ^ ?1 (M 2 \ {x + , x~ }) to a function which is even with respect to the diameter passing 
through x + and x~ and odd with respect to the orthogonal diameter. 

The previous result is a further step in the direction of proving that low energy 
solutions are indeed antisymmetric functions as it is conjectured to be the case for 
least energy nodal solution in the ball. 

The paper is organized as follows. In Section 2 we prove some preliminary 
estimates on u p and u p and we show that the nodal line shrinks to the origin. In 
Section 3 we prove the important estimates about u p . In Section 4 we prove some 
crucial lemmas about the limit values of ||wt||c» and r p , as p — > +°°. From these we 
deduce the proofs of Theorem [TJ Theorem|2] and Theorem [3] Finally, in Section 5 
we prove Theorem [5] 

2. Preliminary estimates on u p and u p 



2.1. Control of the total energy. We first recall that solutions of problem ( g? p ) 
are the critical points of the energy functional <§ p defined on Hq (B) by 

g p{ u) = \[\vu\ 2 --±- (\ur\ 

2Jb p + 1 Jb 

If u is a nodal solution then 

Vm+| 2 = / | M +|'' +1 and / |V M -| 2 = / \ U -\ p+i . (8) 
b Jb Jb Jb 

So, <§ p {u) = (l — p^ptj Ib\^ u \ 2 - Moreover, if u is a radial nodal solution with least 
energy then S p {u) < S p {v) for any radial function v belonging to the nodal Nehari 
setiVp := {u : u ± / and JglV^I 2 = Jel^l^ 1 }. 

This first proposition gives a control on the energy and, thus, on the Hq and 
Z/ +1 -norms. Let us remark that this result will be improved in Theorem[2] 

Proposition 2.1. p / B |Vw p | 2 ^ C for a positive constant C independent of p. 

Proof. On one hand, let us consider the unique positive radial solution v p of —Au = 
u p inA Rp =B\B[0,R p ] with u = on dA Rp . 

Using some results of (9j (see also flU), by some delicate and nontrivial estimates 
in Q it is proved that for R p = e~ ap and a > 0, 

„2a-l 



P 1 1 Vvp| 2 ^ Sxe- 

J A 



a 



(9) 
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for p sufficiently large. 

On the other hand, let us consider the unique positive radial solution f] p of 

-Aw = u p inB(0,R p ) and define ifcM = ifc(W)- Weget\hatri p (r)=R p 2/{p ~ l) f p (r/R p ) 
where f p is the unique positive solution of —Au = u p on the unit ball B. In lfD.1181. 
it is proved that pJ B \Vf p \ 2 =pJ B fp +l -> %ne as p ->■ +°°. So, p^f' p (r) 2 rdr = 
P Jo fp +1 ( r ) r dr — >■ 4<? when p — > +00. Thus, 



p / o "' , T 7 ;(r) 2 rdr = P ^''<^r)rdr = -^/ o 1 / ;(r) 2 rdr 



4e + o(l) 



(10) 

For 7?p = e~ ap , we get 4e l+4<x and when a = ^, we get 4es . 

Then, as u p is a least energy nodal radial solution and as the function defined by 
v p in B(0,R p ) and r] p on Ar p is radial and belongs to the nodal Nehari set, we get 
that 

|Vw p | 2 < 871*5 +407Tee5 « 339. 

□ 

2.2. The nodal line shrinks to (0,0). In the sequel we will use the well known 
"radial lemma" due to Strauss (see Ifl4l0 . Let us denote by H Ta d(B) the subspace of 
Hq (B) given by radial functions. 

Lemma 2.2. If u £ H nu {(B) then there exists c# smc/i f/iatf 
l"WI<^J^2 VueH md (B) 

for any r^O. 

The following lemma shows that ||m^||oo do not go to 0. 

1 

Lemma 2.3. For any p > 1 we have that \\u p \\„ ^ A/' -1 where X\ is the first eigen- 
value of —Aon B. 

Proof. Using Poincare's inequality, we get 



1 ; fi |v^i 2 - ; fi iv4i 2 

< ii^iirV(fiJ). 

where £1^ are the nodal domains of tt p . As £2^ C 5, we have ) > Ai which 

ends the proof. □ 

Remark 2.4. Using Proposition 2. 7 of BIOL we a/so ge£ that \\u p \\„ are bounded 
from above. So, Lemma \2.3\ implies that there exists < a < b such that a < 
\\u p ||oo < b for any p > 1. 

Let us denote, as in SectionQ] by r p the "nodal radius", i.e. u p (x) = for \x\ = r p . 
We will prove that r p — > as p — > +00. 

Proposition 2.5. r p — > as p —> +00. 
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Proof. Assume by contradiction that r p > r* > 0. Then, by the radial lemma 
we get 



Up{s p )<C- 2 

St. 



where u p (s p ) = \\u+\\„. 

As liminf p^co Up (s p ) > 1 (see Lemma |23T ). multiplying by y/p, for p large we get 

p J o u' p {rfrdr\ > -^prj 2 -> +«= 

which is a contradiction with Proposition 12. II . □ 

Moreover, using the same kind of argument as in the proof of Proposition 12. 1 1 
we obtain the following proposition. 

Proposition 2.6. We have, as p — >• +oo, 

• max^Bfo.^KMI = r p 2/(p_1) (^ + o(l)) ; 
•p/o' > Mr)r 1 rdr=^; 

1 f>|„ /-M»-J-- W) ■ 



2/(f-l)+l ' 
r P 



• pu' p {r p )=pr p J P \u p (r)\Prdr 

• / J Jfi(0,, > )K( X )| P(i * = ^7FT- 

Proof. We again consider the function / p = r p ^ u p (r p r) which is the ground 
state of our problem on 5 and we use estimates on / given in (I] [10]]. m particular, 
we use that p f^V f p {r)\ 2 r&r — > Ae and ||/p||oo — > \fe. □ 



As r p < 1, let us remark that the second point of Proposition 12.61 implies that 

2 

there exists < a such that a < r'p~ l < 1. From now on, let us define 



< ^ := lim rf 1 . (11) 

p— 

2.3. Rescaling in the ball B(0, r p ). 

Proposition 2.7. For e~ := (p||k~ ||£t')~ 2 = (p|m /7 (0)| p_1 ) _2 , ?/ze rescaled func- 
tions Zp '■ 5(0, r p /e~ ) — ^ R defined by 

z p {x) = ~ | m ^| (i»p(e~ |x|) + a p (0)) 
converges to —U in ^ C (M 2 ), £/ defined as in ©. 



Proof. We have that z satisfies 



-Az: 







7? 





inB 0,4 



So, a classical argument (see HJElIini) gives that z 
the limit domain of B(0,r p /E~) as p — ^ +°° and - 



p 



in^ c (D), where D is 
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Moreover 



As pVCf-i) ->■ 1 and, by Proposition |u p (0)| = we also get 

Z> = (^ + (l))(p-l)/2^ +00 . 

Hence the limit domain D is the whole M . Let us show that f R 2e~ z °° < +°°. By 
Proposition 12. 1[ 

?~ Zo ° < liminf / |l -Zn/p\ P = liminf r — -t-tt I |w~| p <+oo 

JB(0,r„/e-) P I Hp (0)| y B (0,r p ) ' 

using Holder's inequality. Therefore we get the assertion recalling that the function 
—Zoo = U := log ( (i+i^pp ) s °l ves the problem (IZTTb . □ 

3. Estimates on w+ 

In this section we prove the following crucial point on the convergence of the 
rescaling of the positive part w+. 



Proposition 3.1. For £ p '■= (p \\ up~ | |£ L ) 2 = (pu p (s p ) p l ) 2 and I :=\im p ^ +00 ~p > 
0, f/je one variable rescaled function z p '■ A p := ( ' P e+ ^ p , ^-r 1 ) — > M defined by 



<W = — 77T«(^ + e;>)-ii p (j p )) (12) 

U p \S p ) 

converges to a function zi(r) in c ^'^ )C (—l,+°°)- The function zi{r — l) solves equa- 
tion $L2bforH := /Je*(*-0 5 ds. Moreove?; z/(r-Z) = Z/(r) = log ( 2 ff + "^ 2 ) 

/or a = V272T4 W J8 = 1/a /. 

We already know that w+ is a positive radial solution to 

{— Am = \u\ p ~ l u, in A r := {r p < \x\ < 1}, 
w = onoM r;) . 

As w p is radial, we have up~ (x) = u p (r) with r € (r p , 1). It satisfies — u'p — ju' p = u p 
in the interval (r p , 1) with the Dirichlet boundary condition. We get that z p satisfies 
for any p > 1 

1 / 1+ ^ p 

4 < 0,z+ = z+ (^) = and z +(0) = ( Z +)'(0) = 0. 

(13) 

So, we have three possibilities: 

«,. iZi^O ori^^-/<0, forsome;>0. 



( > +) " W -^W (4) ' W = l 1 + TJ ta *" 



£p £p~ £ p 
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The two following results show that the two first possibilities cannot happen. 
Lemma 3.2. p + p — > — oo cannot happen. 



Proof. Otherwise, as r p > 0, we have that s p /e p — > +°°. Passing to the limit 
in CTJ), we get z+ zi in ^ C (R) where zi solves -t{ = e l < with zi(0) = ^(0) = 0. 
We know that the unique solution of this problem is given by 

Zl(s) =k>£ 



(1+^)2' 

Integrating the equation from r p to s p , we get 

- [ Sp (u' p (r)rydr= f* u p {r)rdr. 

Jr p Jr p 

As u' p (s p ) = 0, by the change of variable r = s p + e p s we get 

/ f Sp 
u p (r p )r p = / u p p (r)rdr 

Jr p 

4 

= e+s p u? p (s p ) jl iR (l+z + p (s)/p) p ds+(e;) 2 uP p (s p ) (l +z + p (s)/ p) p sds 
4 e p 

> ep p uP p {s p ) J (1 +z + p {s)/p) p ds 

4 

= s jL u jkAf° (i +z +( s )/ p yds. 

e P 

By Fatou's lemma, f Tp -, p ( 1 + z p (s) jp) p ds > Jl^e 2 ' =Cq>0. Since u' p {r p ) = 

4 

— (ptivcp-i) by Proposition 12.61 we get C ^)°}}}) > c ° u ^ ' Sp . This is a contradiction 

pr p Tp p 

as the right-hand side is not bounded — > +oo and u p {s p ) stays away from by 
Proposition 12.31 ) and the left-hand side is bounded by Proposition 12.61 

□ 

Lemma 3.3. ''' + 1 — > cannot happen. 

Ep 

Proof. Integrating u p between and s p , as — (u' p (r)r)' = \u p (r)\ p ~ 1 u p (r)r, we have 
0= r"\u p (r)\ p - l u p (r)rdr = - f'"\u p (r)\ p rdr + f" u p Jr)rdr. 

J0 JO Jr p 

So, using Proposition 12.61 and since there exists < a such that a < r P ^ p ^ < 1, 
we have C 2 > p tf\u p (r)\Prdr = p f Sp u p (r)rdr = > d > 0. 

Let us consider the two alternatives 

ii)-r — > +°° as p — > +oo. 
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In the first case, using the change of variable r = s p + £ p s, we get 

rSp $ rO rO 

p / u p (r)rdr = p^( £ +) 2 u p p {s p + £+s)ds + p(e+) 2 u p (s p + S+s)sds 
Jr i> £ p J± -r- JJ -r- 

= 4 u -^ {-i&r) ds+ "<>M]^ 

As Up(s p ) is bounded (see Remark l24l ). we get 



pj r u p (r)rdr<C^-^j^0 

which gives a contradiction. 

In the second case, as — > +00, 2 — > g ; in ^^(l, +°°) where z/ solves — u" = 

e". In this case, I = ]im p _> +co r - p jr L = 0. Then, putting again r = s p + e p s, 
p / u p (r)rdr > p / u p (r)rdr 

Jr p Js p 

=.,o.,)^^(i + a^)'d, + ^,)^(i + a^)'.*. 

By Fatou's lemma, we get Jq E '' ^1 + ^j^-j ds > J^°° e^W > which implies that 
p/ u p (r)rdr>u p (s p )^ e i,{ - s) ds + u p (s p ) e l,[s) sds 

Jr., £n J0 JO 



which is a contradiction as -£ — >■ +°° and the left-hand side is bounded. 



□ 



Now, we consider the "good" case p + p — > — I < 0. The following lemma proves 
in particular that s p — > 0. 

Lemma 3.4. Le? / > be such that Tp + p — > —I, then — )• / as p — >■ +00. 



Proo/ Let m = lim„^ +00 ^-. We already know that -l + o(\) = > = 

— m + o(l) which implies that — / > —m. Arguing by contradiction, let us assume 
that —I > —m. 

On one hand, as -(*+)" - ( z +)' = (1 + z+/pY in (^,1^), inte- 

grating we get 

z ' p (r)(r+ S -^)= [° fl + ^Y \s+^-)ds, for r€ (-/,0). 
£p Jr \ p / £p 

Then, 

|4(r)||r + m + o(l)| < y (|s| + \m\ +o(l))ds < Cj. (14) 

As — Z > — wi we get |r+m + o(l)| > C2 > which implies that |zC,(r)| < C3 uni- 
formly in (—1,0) and in p (for p large). On the other hand, as z p (0) = and 

z, p y P g+ j = ~~ A by the mean value theorem in (—1,0), we get that there exists 



10 M. GROSSI, C. GRUMIAU, F. PACELLA 

t p G (— /,0) such that z' p {t p ) > ^ which gives a contradiction as z' p is uniformly 
bounded. □ 

Proof of Proposition \3. 1 1 : We know that z p — > zi in ^^{—l, +°°) and zi verifies 

-i{ —ti=e il in(-/,+oo), 

' r + m 1 v " (15) 

zi<0, 2/(0) =3(0)= 0. 

We already know that z p — > Zi in compact sets in (— Z,+°°) and 2/ satisfies equa- 
tion (fl3T ). So Z;(j) := g/(j — /) solves 

-Z';- l -Z[ = ^ in(0,+oo), 

Z l <0,Z l {l)=Z' l (l)=0. 

Let us compute the solutions of equation (fT6l) . Setting v(f) = Z/(e ? ) + 2t we get 
that — v" = e lt e Zl ^} = e v in (— °°, +°°). Thus all solutions are given by 

4 e V2(t-y)/S \ 



8 2 (i +e ^(f-y))/5)2 



V5 l3 ,(0 =log 

for 5 > 0, t G M and y£R. Hence 

/ 4 V2(log?-y)/5 \ 
Z,(f ) = log - 21ogf . (17) 

Observing that from Z\[t) = we get = e"r( lo g'->). Moreover, Z/(?) = 

for f = v/ '/ 52 . As Z/(Z) = Z\(l) = 0, we get that I 2 = ^f- which implies that 

'2a 2 j3 a |.r| a - 2 ' 



O = ^ 2+/ , ■ Inserting those estimates in (1171 ) gives that Z/ = log ( gjaqrjap ) f°r 

a = ^/2/2 + 4 and J3 = (§±§) 1/a /. 
To complete the result, we prove that 

(ti(r)(r+l))'<p'(r)Ar= / e il (r+l)(p(r)dr+ / e 2 ^Wtf<p(-Z) 
-z J—i Jo 

for any <p G ^ °°([-/,-|-°°)). Let us fix a function <p G ^o°([-/,+ 00 )). Multiplying 
by <p the equation solved by z p and integrating by parts, we get for p large that 

£ ^ w <-+ ^' wd -+ w (^) - 

(18) 

!('+^)K)^ 



Since/^(z;)'(r)(r+^)<p'(r)dr^/_rz;(r)(r + 0(p'(r)drandas/^M+^j <p(r)dr- 

/" ^'W<p(r)dr, it remains to compute lim / ^ +00 (z+) / ( £ ^ i£ ) ^-<p ( £ ^j ££ ) to g et 
the claim. As (z+ )'(r) = !TT^j u p( s p + £ p r )> we nave 



I +\U r P S P\ r P P r p I ( \ 

tp tp U p \S p ) 
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Integrating by parts the equation satisfied by u p , u' p (r p )r p = Jf p u p (r)rdr, we fi- 
nally get substituting again r = s p + £+s 



'p 



(4)' Tj -z£- ) ~~T = 7~T / <^rdr 



= ^p{e;fu p { Sp y-' f {l+z + p {s)/ P y i^+s 
= J e il{s \s + l)ds. 

Then for H = - J , e*W (s + 1) ds, passing to the limit in equation (fT8l) we obtain 

/+°° r+<*> 
i (~z' l (r)(r + l)y<p>(r)dr = J { e «{r + l)<p+H<p{-l) 

for any <p G ([-/,+«>)). 

□ 

4. Final estimates and proofs of Theorem [1] Theorem [2] and 

Theorem [3] 



We start with some preliminary identities. 



Lemma 4.1. For any r G (0,1), u' p {r)r\ogr — u p {r) = J r slog(s)u p (s)ds. So, 
I.s p ^og(s)u p p (s)ds = -u p {s p ). 

Proof. By the equation, we have — J) 1 (u' p (s)s)' log s ds = J r u p (s)slogsds. Inte- 
grating by parts the first integral we derive the first assertion. To get the second 
one, we just have to take r = s p . □ 

Lemma 4.2. We have 

1 1 

1 = --log(r„oKoo) / e z,{f 'tdt = --log(rooKoo)(a-2) 

2 Jo 2 

where (X is given in Proposition \3.1\ by the equation (1111) and Uoo := lim p ^oo u p {s p ) 
Proof. We first observe that, by Proposition 13.11 and using the definiton of /3, 

Jo Jo (/3 0! + f«) 2 

= 2a 



a+2 m i /a 

a-2 l ~ ri 



= a-2. 

Multiplying —(u' p (r)r)' = u p (r)r by logr — logr p and integrating by parts leads to 

rs p rs p 

/ (\ogr-\ogr p )uP(r)rdr = - (u p (r)r) (log r- log r p )dr 

= / u' p (r)r-dr 
= u p {s p ). 



12 M. GROSSI, C. GRUMIAU, F. PACELLA 

Then, as — > I (see Lemma I3T41 ). we observe that 

log Op + ep) - \ogr p = log(/e+ + £+5 + o(l)e+) - logr p 

£+ 

= log(/ + j + o(l)) + log-^- 
= log(/ + j + o(l)) + -log- 



2 pu p {sp)P l rj 
= log(/ + J + (i)) + £zliog 1 

= log(/ + J + (l)) + ^llogl±^l. 

(19) 

With the usual change of variable r = s p + £+s, we get, using also ( fl9l 
Mp(jp) =£+ / (log(s p + log r p ) Kpfa) P 0p + £+^)d^ 

• / -7F L U p\ S V) 

= (e;fu p {s P Y C flog(/ + , + (l)) + ^log(l±^)) + J 

( l0S(,+s+ " (1)>+/ T ll0S(i Sr 1) ) 

which converges to O + u^ {^-)log(r„u <xl ) f°ie zi ^\l + s)ds as p — > +oo. So we 
obtain the claim. □ 

Lemma 4.3. -p- = u ao {a — 2). 

Proof. As -f^(u' p (r)r)'dr = J^u p p (r)rdr, -> -Z and £ ->■ Z, putting r = 
s p + E+S, we have 

/ f Sp 
u p {r p )r p = / u p {r)rdr 

o 



f 



Hp Op) 



= !!fi±iii)('| e z,,,, sds+£ , (1)d ; 

Since by Proposition [2761 u p( r p) r p ~ t/(^-i) > we § et our statement using Lemmal4~2l 

□ 

Proposition 4.4. We /zave Z/«z/ r„oi/„ Zj unique root of the equation 

2^Je\ogx + x = 0. (20) 
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Proof. By Lemma l4~2l and Lemma 1431 we get that ^r- = _ - ^ . It implies that 
2 v / elog(r 00 Moo) = — rooMoo which ends the proof. □ 

Let us denote by t the unique solution of 2y/e log t + 1 = 0. Then 

r M = — . (21) 
Remark 4.5. Lemma \4~3\ and equation (1211) imply that 

t 

Previous results give some links between a, r M and u^. So, it is enough to 
compute exactly to be able to characterize all the other values. For this, we 
need some other preliminary estimates. 



p 



Lemma 4.6. I p := J Q ep (1 + ^ )~ 

Proof. We have, substituting t = — p 2 , 



£p Js P \£p £p ) \ P ) 



i r 1 4(s) 

s — -, — ^ds 



(ej) 2 J Sp u p (s p ) 



p 



su p p (s)&s 



u p{ s p) -lip 
<C lP Q\uP +i y ,+l <C 2 



since u p {s p ) > j by Proposition 12.31 and f s su p (s)ds is bounded by Proposi- 
tion EU □ 



1 ziE 

Lemma 4.7. I p := f Q 4 +t) (\ + z ^fY dt^a + 2. 



1 -in 



Proo/ Let us denote by := lim p ^ +c „ / Ep (s p /e+ + t) (l +z p (t)/p) p At. We 
first remark that > a + 2 > 4. Indeed, by Fatou's lemma and Lemma l4~2l we get 

Jo 

se t/ MWds = a + 2. 



By Pohozaev identity we have 



1 Jfi 2 



P+l JB 2JdB V <^ V 



2 
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So,^/ 1 K(r)r 1 rdr=^(l)^i.e.p/ V^r)r 1 rdr = ^^(l) 2 . More- 
over, by the equation, 

-u' p {\)= f"\u p {r)\ p - l u{r)rdr+ f \u p {r)\ p - l u{r)rdr 

Jo Js p 

= Cu p (r)rdr 



Sp 

1 .1 



£p J o 4 u p (x p + e+s) (s p + e+s) ds 



Up{s p ) 
P Jo 

Moo + o(l) 



l 4 {l+z;( S )/p) p { S p/e++s)ds 
J °> (s p /e+ + t)(l+z+(t)/ P ) p dt. 



Hence, 



Jo 4 p l F 



p< 

On the other hand, using Proposition 12. 61 and Lemma l4~2l we get 

p J\u p (r)\ p+l rdr = p \u p (r)\ p+l rdr + p J*'' \u p {r)\ p+l rdr + p \u p (r)\P +1 rdr 



Ae+ °M + {ul{a - 2) +o(1)) +UpiSp fJ 4 " +') ( ! +4( s )/p) p+1 ds 

^±^ui + ui(a-2) + o(l) + u p (s p ) 2 (^ + .) (l+z»/^ +1 d.. 



(22) 

The inequality (l+z+/p) < 1 implies (l+z+//?) P+1 < (l+z+//?) p . So we 
get 

p [ \u p (r)\ p+1 rdr< ^ ul + ul{a-2) + {ul + o{\))I p + o{\). 
Jo t l + o{\) 

Hence Pohozaev identity becomes 

p{p+ 1) («oo + o(l)) 2 r2 4<? + o(l) 2 ,/ ^ / 2 /«s 

4 -p^ll< ir ^^ul + ui{a-2) + {ul + o(\))I p + o{\). 

Since 7 p is bounded by Lemma 1431 passing to the limit as p — > +oo, we obtain 

4e 



-fit < jrui + ui(a-2) + uiL 

4 t 
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Thus, by previous estimates (as Uoo > 0), -f — < j£ + (a — 2) = v 4 ; + (a — 

2) = — (ce + 2). Since the function ^ — 4 is increasing on x > 2 and we 
already proved that /„>a + 2, we directly get that /«, = a + 2. □ 

Lemma 4.8. J f := l/ * (l + ^) P log(/ + ? + o(l))d? = o(l) asp -> 

-|-OO t 

Proof. We prove that Ve > 0, 3p > : Vp > po, ^ < £• 
Let us fix £ > and choose 7? e such that 

< i (23) 

j3« + (/?«, + /)« 3(log«. + l)" ^ J 

Then, for p large, 

/ P_ 1 /"V j p , ,Vi , z pW W: 



p p./o 



f (H( 1+ . ) '°e«+<+»<'»* 



+ 3 /_ * f ! + ^) log(/ + f + o(l))d* 



7' /" 
_£_(-_£. 



Since + (l + ^Vlog(Z + f + o(l)) -> (f + f)e* W log(Z+/) and fl £ is 



fixed, we get -£ — >• 0. So, there exists p' such that, for any p > Pq, < f • 

/' 

Then, for we have 

log(/+f+o(l)) < log(/+ -=^+ (i)) < |log(Ze+ + l- Jp +o(e+))| + |loge+| < d +C 2 p 

for large p. Indeed, the first term is bounded and for the second one we have 
2|log£+| =\og{pu l p-\s p )) = \ogp + (p- \)\ogu p (s p ) <C 2 p. 



Hence, 



P P JRe \£p 



-p 



Finally, using Lemma |4~71 



which converges to a + 2 - | Se (/ + f M d? = a + 2 - £+/ fe z ' W dt . 
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As J** +l t< X<f) 6t = a+2- pa %£ +l)a , we get f < o(l) +C 2 (o(l) + pa ^ +l) a 
Hence, by definition of R e , there exists p'^ such that for all p > p'^ 

J l< e - + c 2 ^ = 2 -^. 

p 3 3C2 3 
This ends the proof using po = min(// ,pQ). 

□ 

2 

Proposition 4.9. m m = e «+ 2 . 

Proof. By Lemma |4~T1 substituting 5 = s p + £p, we derive 

-u p (s p ) = e+ J Bp (s p + ep) log (j p + £+? ) Up {s p + ep)dt 

= (ep 2 uP p (sp) j o E ' j ( S p/e++t)log( Sp + ep)(l+z+(t)/ P y dt. 

Using the same idea as in equation ( fT9l ), we get 

log (s p + ep) - log w p (s p ) = log (/ + t + ( 1 ) ) + ^ log ( 1 //>) - log (« p (jp)) , 

i.e. log(s p + e+f) = log(Z + f + o(l)) + ±log(l/p)-^log(ii p ($ / ,)). It implies 
that 

, . 1— Sp 

-M'p) = l ^ E y 1 l 7f ^ e p +0 ( ! +£(0//O p ( - ^=-iogM* P )) + ^io g (i/ 

+log(/+/ + o(l)))df 



= (-^io gMoo + (i))/ p + (i)/ p +^M/ p . 

As 7 p — >■ Of + 2 by Lemma 14771 and ^ = o(l) by Lemma l4~8l we get that -«„ = 
— ^ Moo log Woo(g! + 2) which ends the proof. □ 

Proof of Theorem [7] Theorem |2] amc? Theorem [3] : Proposition 12.71 and Propo- 
sition 13.11 give Theorem Q] Then, combining Proposition 14.91 and Remark 14.51 we 
obtain the convergence of \\up~ ||oo (see equation ©) which is the first part of Theo- 
rem |2] 

Since r„ = — by equation (|2TT ). we get Theorem [3] 

From this result, we directly get the convergence of \\u~ ||oo using Propostion l2.6l 
(see equation ([5])) which is the second point of Theorem |2l 

Finally, by the equation (1221 and as I p — > a + 2, we get that p / e |VM p | 2 — > + 

47raM 2 . Using Proposition 14.91 Remark 14.51 and equation (|2"TT) . we deduce © 
which is the last part of Theorem |2l 

□ 



5. LOW ENERGY SOLUTIONS - ASYMPTOTIC ANTISIMMETRY 

We end by proving Theorem\5\ Let us denote by w p a family of low energy nodal 
solutions, i.e. solutions satisfying CD, having Morse index two. In iflOll . we have 
proved that, under the assumption (B) stated in the introduction, pw p converges, 
up to a subsequence, to %Ky/e(G{.,x + ) — G(.,jc - )) where G is the Green function 
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on B and x + and x are the limit points of the maximum point x+ and the minimum 



point x p of w p . Moreover it holds 



axi 



dG 



(x-,x + ) 



— I 
dxi 

dH 



(24) 



0, 



for / = 1,2, where H denotes the regular part of G. Since the domain is a ball we 
have that 

1 11 

-y/y 2 \ 



G(x,y) 



± M x-y\ + ±My\ + ±Mx- 



and 



H(x,y) = G(x,y) + — ln\x- 
271 



Since w p have Morse index 2, by the symmetry result of ||4j [TTJ we deduce that w p 
are foliated Schwarz symmetric, i.e. they are even with respect to a diameter and 
monotone in the polar angle. Moreover, by 0, w p cannot be radial and this implies 
that the maximum point x+ and the minimum point x p are on the same diameter but 
on different sides with respect to the centre of the ball. Therefore, up to rotation, 
we can assume without loss of generality that x + = (0,a) and x~ = (0, —b) with 
a > 0, b > 0. Inserting this information in (1241 we get the system 



1 



a + b 
1 



+ 



ab+l 
a 



a + b ab+l l-b 2 



0. 



:(). 



whose unique solution is a = b = \f— 2 + \/5. Hence the points x + and x~ are 
antipodal and so the limit function G(.,x + ) — G(.,x~) is even with respect to the 
diameter passing through x + and x~ and odd with respect to the orthogonal diam- 
eter. Then the assertion of Theorem [5] is proved. 

□ 



Remark 5.1. Let us consider the least energy nodal solutions w p of ( 2P p I. By 



11101 we know that they satisfy £[]) and by Q we know that they have Morse index 
two. Therefore if we know that they satisfy condition (B), Theorem\5\would apply 
and we could claim that w p are asymptotically antisymmetric with respect to a 
diameter. We believe that this is true but so far we have not been able to prove (B) 
for this kind of solutions. 
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